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SOME INEQUALITIES FOR OPERATOR (p, h)-CONVEX FUNCTIONS
TRUNG HOA DINH∗ AND KHUE THI BICH VO∗
Abstract. Let p be a positive number and h a function on R+ satisfying h(xy) ≥
h(x)h(y) for any x, y ∈ R+. A non-negative continuous function f on K(⊂ R+) is said
to be operator (p, h)-convex if
f([αAp + (1− α)Bp]1/p) ≤ h(α)f(A) + h(1− α)f(B)
holds for all positive semidefinite matrices A,B of order n with spectra in K, and for
any α ∈ (0, 1).
In this paper, we study properties of operator (p, h)-convex functions and prove the
Jensen, Hansen-Pedersen type inequalities for them. We also give some equivalent con-
ditions for a function to become an operator (p, h)-convex. In applications, we obtain
Choi-Davis-Jensen type inequality for operator (p, h)-convex functions and a relation
between operator (p, h)-convex functions with operator monotone functions.
1. Introduction
Let Mn be the space of n× n complex matrices, M+n the positive part of Mn. Denote
by In and On the identity and zero elements of Mn, respectively. For self-adjoint matrices
A,B ∈ Mn the notation A ≤ B means that B − A ∈ M+n . The spectrum of a matrix
A ∈ Mn is denoted by σ(A). For a real-valued function f of a real variable and a
self-adjoint matrix A ∈ Mn, the value f(A) is understood by means of the functional
calculus.
We assume further that p is some positive number, J is some interval in R+ such that
(0, 1) ⊂ J , and K (⊂ R+) is a p-convex subset of R+ (that means, (λxp+(1−λ)yp)1/p ∈ K
for all x, y ∈ K and λ ∈ [0, 1]). A function h : J → R+ is called a super-multiplicative
function if h(xy) ≥ h(x)h(y) for all x, y ∈ J .
A non-negative function f : K → R is said to be h-convex [1] if for all x, y ∈ K,α ∈
(0, 1) we have
f(αx+ (1− α)y) ≤ h(α)f(x) + h(1− α)f(y).
In [2] a more general class of non-negative functions, the so-called (p, h)-convex func-
tions is considered.
Let h : J → R+ be a non-zero super-multiplicative function. A non-negative function
f : K → R is said to be (p, h)-convex if
f
(
[αxp + (1− α)yp]1/p) ≤ h(α)f(x) + h(1− α)f(y). (1)
for all x, y ∈ K and α ∈ (0, 1).
This class contains several well-known classes of functions such as non-negative convex
functions, h- and p-convex functions, Godunova-Levin functions (or Q-class functions)
and P -class functions that are considered by many authors.
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In [3]-[6] M.S.Moslehian, M.Kian and others introduced operator P -class functions and
operator Q-class functions. They studied properties and proved several inequalities for
these classes of functions.
Motivated by the above mentioned works, in this paper we define a class of operator
functions which we call it operator (p, h)-convex. In Section 2 we study properties of
operator (p, h)-convex functions. In Section 3 we prove some inequalities for operator
(p, h)-convex functions such as the Jensen and Hansen-Pedersen type inequalities. Similar
to the characterization of operator convex functions given by Hansen and Pedersen [12]
we give some equivalent conditions for a function to become an operator (p, h)-convex.
In applications, we obtain Choi-Davis-Jensen type inequality for operator (p, h)-convex
functions and a relation between operator (p, h)-convex functions with operator monotone
functions.
2. Class of operator (p, h)-convex functions
Let us now define a new class of operator (p, h)-convex functions as follows.
Definition 2.1. Let h : J → R+ be a non-zero super-multiplicative function. A non-
negative continuous function f : K → R is said to be operator (p, h)-convex (or belongs
to the class opgx(p, h,K)) if
f([αAp + (1− α)Bp]1/p) ≤ h(α)f(A) + h(1− α)f(B). (2)
for all A,B ∈M+n with σ(A), σ(B) ⊂ K, and α ∈ (0, 1).
When p = 1, h(α) = α we get the usual definition of operator convex functions on R+.
An operator (p, h)-convex function could be either an operator monotone function or
an operator convex function. But there are many operator (p, h)-convex functions which
are neither an operator monotone function nor an operator convex function. Indeed, let
p > 0, f(t) = ts and h(α) = α. Then the function f is operator (p, h)-convex if and only
if for any positive definite matrices A,B with spectra in K,
(αAp + (1− α)Bp)s/p ≤ h(α)As + h(1− α)Bs,
or
(αA+ (1− α)B)s/p ≤ αAs/p + (1− α)Bs/p.
The last inequality means that the function g(t) = ts/p is operator convex, which is
equivalent to the condition s/p ∈ [1, 2].
In the case s ∈ [p, 2p]∩ [0, 1] (or s ∈ [p, 2p]∩ [1, 2]), the function ts is operator monotone
(operator convex, respectively) and, at that time, is operator (p, h)-convex. If s does not
belong to [p, 2p]∩ [0, 1], then the function ts is operator (p, h)-convex but neither operator
monotone nor operator convex.
Recall that for arbitrary positive semidefinite matrices A and B, the matrix function
F (p) =
(
Ap +Bp
2
)1/p
is called the log Euclidean mean of A,B. In [7] Bhagwat and Subramanian showed that
the matrix function F (p) is monotone with respect to p, on the intervals (−∞,−1] and
[1,∞) but not on (−1, 1). A more general results about the monotonicity of F (p) was
proved by Audenaert and Hiai in [8]. Now let us prove some properties of operator
(p, h)-convex functions.
Proposition 2.2.
(i) If f, g ∈ opgx(p, h,K) and λ > 0, then f + g, λf ∈ opgx(p, h,K);
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(ii) Let h1 and h2 be non-negative and non-zero super-multiplicative functions de-
fined on an interval J with h2 ≤ h1 in (0, 1). If f ∈ opgx(p, h2, K), then
f ∈ opgx(p, h1, K);
(iii) Let f ∈ opgx(p2, h,K) and f operator monotone function on K. If 1 ≤ p1 ≤ p2,
then f ∈ opgx(p1, h,K).
Proof. (i) The proof immediately follows from the definition of the class opgx(p, h,K).
(ii) Suppose that f ∈ opgx(p, h2, K). For any positive semidefinite matrices A,B with
spectra in K and α ∈ [0, 1] we have
f
(
[αAp + (1− α)Bp]1/p) ≤ h2(α)f(A) + h2(1− α)f(B)
≤ h1(α)f(A) + h1(1− α)f(B).
Therefore, f ∈ opgx(p, h1, K).
(iii) Put g(p) = (αAp + (1 − α)Bp)1/p. On account of the above mentioned result [7],
the function g(p) is monotone increasing on [1,∞). Since f is operator monotone on K
and f ∈ opgx(p1, h,K), hence
f
(
g(p1)
) ≤ f(g(p2)) ≤ h(α)f(A) + h(1− α)f(B).
Thus, f ∈ opgx(p1, h,K). 
Proposition 2.3. Let K be an interval in R+ such that 0 ∈ K.
(i) If f ∈ opgx(p, h,K), f(0) = 0, and h is super-multiplicative, then
f
(
[αAp + βBp]1/p
) ≤ h(α)f(A) + h(β)f(B) (3)
holds for arbitrary positive semidefinite matrices A,B with spectra in K and all
α, β > 0 such that α + β ≤ 1.
(ii) Let h be a non-negative function such that h(α) < 1
2
for some α ∈ (0, 1
2
). If f is
a non-negative continuous function satisfying (3) for all positive definite matrices
A,B with spectra in K and all α, β > 0 with α+ β ≤ 1, then f(0) = 0.
Proof. (i) Let α, β > 0, α+ β = γ < 1, and let a and b be numbers such that a =
α
γ
and
b =
β
γ
. Then we have a+ b = 1 and
f
(
[αAp + βBp]1/p
)
= f
(
[aγAp + bγBp]1/p
)
≤ h(a)f((γAp)1/p) + h(b)f((γBp)1/p)
= h(a)f((γAp + (1− γ)Opn)1/p) + h(b)f((γBp + (1− γ)Opn)1/p)
≤ h(a)h(γ)f(A) + h(b)h(γ)f(B)
≤ h(aγ)f(A) + h(bγ)f(B)
= h(α)f(A) + h(β)f(A)
(ii) Suppose that f(0) > 0, then we have f(On) = f(0)In. Substitute A = B = On
into (3), we get
f(0)In = f((αO
p
n + βO
p
n)
1/p) ≤ h(α)f(0)In + h(β)f(0)In. (4)
Let α = β. Dividing both sides of (4) by f(0), we arrive to a contradiction:
2h(α) ≥ 1 for all α ∈ (0, 1
2
).
Thus, f(0) = 0. 
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Corollary 2.4. Let hs(x) = x
s, where s, x > 0, and let 0 ∈ K. For all f ∈ opgx(p, hs, K),
the inequality (3) holds for all α, β > 0 with α + β ≤ 1 if and only if f(0) = 0.
Proof. By Proposition 2.3, we just need to consider the case α, β > 0 with α + β ≤ 1.
Put α + β = γ ≤ 1, and let a and b be positive numbers such that a = α
γ
and b =
β
γ
.
Then, a+ b = 1 and
f([αAp + βBp]1/p) = f([aγAp + bγBp]1/p)
≤ h(a)f([γAp]1/p) + h(b)f([γBp]1/p)
= asf([γAp]1/p) + bsf([γBp]1/p)
≤ asγsf(A) + as(1− γ)sf(On) + bsγsf(B) + bs(1− γ)sf(On)
= asγsf(A) + bsγsf(B)
= αsf(A) + βsf(B).
Substitute A = B = On, α = β = 1/k (k ∈ N, k ≥ 2) into (3), and then, tend k to
the infinite, we get f(0) ≤ 0. Since f(0) ≥ 0 by the definition of operator (p, h)-convex
functions, hence f(0) = 0. 
3. Inequalities for operator (p, h)-convex functions
3.1. Jensen type inequality for operator (p, h)-convex functions. The classical
Jensen inequality for n real numbers states that for any positive tuples ai and ti such
that
∑n
i=1 ti = 1
f(
n∑
i=1
tiai) ≤
n∑
i=1
tif(ai).
The matrix version of Jensen type inequality for operator (p, h)-convex functions is as
follows.
Theorem 3.1. Let h be a non-negative super-multiplicative function on J and f ∈
opgx(p, h,K). Then for any k positive semidefinite matrices Ai with spectra in K and
any αi ∈ (0, 1) satisfying
∑k
i=1 αi = 1,
f
(
[
k∑
i=1
αiA
p
i ]
1/p
) ≤
k∑
i=1
h(αi)f(Ai). (5)
Proof. We will prove the theorem by the mathematical induction.
When k = 2, inequality (5) reduces to (2).
Assume that (5) holds for any (k − 1) positive semidefinite matrices with spectra in
K. We need to prove (5) for any k positive semidefinite matrices with spectra in K. We
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have
f([
k∑
i=1
αiA
p
i ]
1/p) = f([
k−1∑
i=1
αiA
p
i + αnA
p
n]
1/p
)
= f([(1− αn)(
k−1∑
i=1
αi
1− αnA
p
i ) + αnA
p
n]
1/p)
≤ h(1− αn)f([
k−1∑
i=1
αi
1− αnA
p
i ]
1/p) + h(αn)f(An)
≤ h(1− αn)
k−1∑
i=1
h(
αi
1− αn )f(Ai) + h(αn)f(An)
≤
k∑
i=1
h(αi)f(Ai).
The first and the second inequalities follow from the inductive assumption, the third one
follows from the super-multiplication of the function h.
Thus, (5) holds for any k. 
Remark 3.2. For h(α) = α and p = 1, the inequality (5) reduces to the well-known
Jensen inequality for operator convex functions:
f(
k∑
i=1
αiAi) ≤
k∑
i=1
αif(Ai)
for αi ∈ (0, 1) and
∑k
i=1 αi = 1.
For h(α) = 1
α
and p = 1 we get the Jensen inequality for operator Q-class functions:
f(
k∑
i=1
αiAi) ≤
k∑
i=1
f(Ai)
αi
for αi ∈ (0, 1) and
∑k
i=1 αi = 1.
For h(α) = 1, p = 1 we get the Jensen inequality for operator P -class functions:
f(
k∑
i=1
αiAi) ≤
k∑
i=1
f(Ai)
for αi ∈ (0, 1) and
∑k
i=1 αi = 1.
As an application of Jensen type inequality we obtain an inequality for index set
function. Let E be a finite nonempty set of positive integers and let F be an index set
function defined by
F (E) = h(WE)f([
1
WE
∑
i∈E
wiA
p
i ]
1/p)−
∑
i∈E
h(wi)f(Ai), (6)
where WE =
∑
i∈E wi.
Theorem 3.3. Let h : R+ → R+ be a super-multiplicative function, M and E finite
nonempty sets of positive integers such that M ∩ E = ∅. Then for any operator (p, h)-
convex function f : K → R+, for any wi > 0, and for any positive semidefinite matrices
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Ai (i ∈M ∪ E) with spectra in K,
F (M ∪ E) ≤ F (M) + F (E). (7)
Proof. On account of the operator (p, h)-convexity of f and the super-multiplication of
h, we get
h(WM∪E)f([
1
WM∪E
∑
i∈M∪E
wiA
p
i ]
1/p)
= h(WM∪E)f([
WM
WM∪E
∑
i∈M
wi
WM
Api +
WE
WM∪E
∑
i∈E
wi
WE
Api ]
1/p)
≤ h(WM∪E)h( WM
WM∪E
)f([
∑
i∈M
wi
WM
Api ]
1/p) + h(WM∪E)h(
WE
WM∪E
)f([
∑
i∈E
wi
WE
Api ]
1/p)
≤ h(WM)f([ 1
WM
∑
i∈M
wiA
p
i ]
1/p) + h(WE)f([
1
WE
∑
i∈E
wiA
p
i ]
1/p).
(8)
Subtracting from both sides of (8) by
∑
i∈M∪E h(wi)f(Ai) and using the identity∑
i∈M∪E h(wi)f(Ai) =
∑
i∈M h(wi)f(Ai) +
∑
i∈E h(wi)f(Ai), we obtain (3.3). 
From Theorem 3.3 we get a simple corollary as follow.
Corollary 3.4. Let h : (0,∞) → R be a non-negative super-multiplicative function. If
wi > 0 (i = 1, · · · , k), and Ml = {1, · · · , L}, then for f ∈ opgx(p, h,K), we have
F (Mk) ≤ F (Mk−1) ≤ ... ≤ F (M2) ≤ 0
and
F (Mk) ≤ min
1≤i≤j≤k
{
h(wi + wj)f
([
wiA
p
i + wjA
p
j
wi + wj
] 1
p
)
− h(wi)f(Ai)− h(wj)f(Aj)
}
.
3.2. Hansen-Pedersen type inequality. The proof of the following theorem is adapted
from the proof of Hansen-Pedersen inequality for operator convex functions [12].
Theorem 3.5. Let h : J → R+ be a super-multiplicative function, f : K → R+ an
operator (p, h)-convex function. Then for any pair of positive semidefinite matrices A
and B with spectra in K and for matrices C,D such that CC∗ +DD∗ = In,
f([CApC∗ +DBpD∗]1/p) ≤ 2h(1
2
)(Cf(A)C∗ +Df(B)D∗). (9)
Proof. From the condition CC∗ +DD∗ = In, it implies that we can find a unitary block
matrix
U :=
[
C D
X Y
]
when the entries X and Y are chosen properly. Then
U
[
Ap On
On B
p
]
U∗ =
[
CApC∗ +DBpD∗ CApX∗ +DBpY ∗
XApC∗ + Y BpD∗ XApX∗ + Y BpY ∗
]
It’s easy to check that
1
2
V
[
A11 A12
A21 A22
]
V +
1
2
[
A11 A12
A21 A22
]
=
[
A11 On
On A22
]
for V =
[−I On
On I
]
. It follows that the matrix
Z :=
1
2
V U
[
Ap On
On B
p
]
U∗V +
1
2
U
[
Ap On
On B
p
]
U∗
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is diagonal, where
[
A11 A12
A21 A22
]
= U
[
Ap On
On B
p
]
U∗. It implies Z11 = CA
pC∗+DBpD∗ and
f(Z
1/p
11 ) = f((CA
pC∗ + DBpD∗)1/p). On account of the operator (p, h)-convexity of f ,
we have
f(Z1/p) = f
((
1
2
V U
[
Ap On
On B
p
]
U∗V +
1
2
U
[
Ap On
On B
p
]
U∗
)1/p)
≤ h(1
2
)V Uf
([
Ap On
On B
p
]1/p)
U∗V + h(
1
2
)Uf
([
Ap On
On B
p
]1/p)
U∗
= 2h(
1
2
)
(
1
2
V Uf
([
A On
On B
])
U∗V +
1
2
Uf
([
A On
On B
])
U∗
)
= 2h(
1
2
)
[
Cf(A)C∗ +Df(B)D∗ On
On Xf(A)X
∗ + Y f(B)Y ∗
]
,
where
1
2
V UU∗V +
1
2
UU∗ = In.
Therefore,
f(Z
1/p
11 ) = f([CA
pC∗ +DBpD∗]1/p)
≤ 2h(1
2
)[Cf(A)C∗ +Df(B)D∗].

In the following theorem, we obtain several equivalent conditions for a function to
become operator (p, h)-convex.
Theorem 3.6. Let f be a non-negative continuous function on the interval K such that
f(0) = 0, and h a non-negative and non-zero super-multiplicative function on J satisfying
2h(1/2) ≤ α−1h(α) (α ∈ (0, 1)). Then the following statements are equivalent:
(i) f is an operator (p, h)-convex function;
(ii) for any contraction ||V || ≤ 1 and self-adjoint matrix A with spectrum in K,
f((V ∗ApV )1/p) ≤ 2h(1
2
)V ∗f(A)V ;
(iii) for any orthogonal projection Q and any positive semidefinite matrix A with
σ(A) ⊂ K,
f((QApQ)1/p) ≤ 2h(1
2
)Qf(A)Q;
(iv) for any natural number k, for any families of positive operators {Ai}ki=1 in a finite
dimensional Hilbert space H satisfying
∑k
i=1 αiAi = IH (the identity operator in
H) and for arbitrary numbers xi ∈ K,
f([
k∑
i=1
αix
p
iAi]
1/p) ≤
k∑
i=1
h(αi)f(xi)Ai. (10)
Proof. The implication (ii) ⇒ (iii) is obvious.
Let us prove the implication (i) ⇒ (ii). Suppose that f ∈ opgx(p, h, J). Then by
Theorem 3.5 we have
f([CApC∗ +DBpD∗]1/p) ≤ 2h(1
2
)(Cf(A)C∗ +Df(B)D∗),
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where CC∗ +DD∗ = In. Since ||V || ≤ 1, we can choose W such that V V ∗+WW ∗ = In.
Choosing B = On, we have that f(B) = f(On) = f(0)In = On. Hence,
f((V ∗ApV )1/p) = f((V ∗ApV +W ∗BpW )1/p)
≤ 2h(1
2
)(V ∗f(A)V +W ∗f(B)W )
≤ 2h(1
2
)(V ∗f(A)V ).
(iii) ⇒ (i). Let A and B be positive semidefinite matrices with spectra in K and
0 < λ < 1. Define
C :=
[
A On
On B
]
, U :=
[ √
λIn −
√
1− λIn√
1− λIn
√
λIn
]
, Q :=
[
In On
On On
]
.
Then C = C∗ with σ(C) ⊂ K, U is an unitary and Q is an orthogonal projection and
U∗CpU =
[
λAp + (1− λ)Bp −√λ− λ2Ap +√λ− λ2Bp
−√λ− λ2Ap +√λ− λ2Bp (1− λ)Ap + λBp
]
is a self-adjoint matrix. Since
QU∗CpUQ =
[
λAp + (1− λ)Bp On
On On
]
and ||UQ|| ≤ 1, hence
[
f((λAp + (1− λ)Bp)1/p) On
On On
]
= f
(
(QU∗CpUQ)1/p
)
≤ 2h(1
2
)QU∗f(C)UQ
= 2h(
1
2
)
[
λf(A) + (1− λ)f(B) On
On On
]
.
According to the property of h, from the last inequality it implies
f((λAp + (1− λ)Bp)1/p) ≤ 2h(1
2
)(λf(A) + (1− λ)f(B))
≤ h(λ)f(A) + h(1− λ)f(B).
(iv)⇒ (i). Let X, Y be two positive operators on H with spectra in K, and α ∈ (0, 1).
Let
X =
n∑
i=1
λiPi, Y =
n∑
j=1
µjQj
be the spectral decompositions of X and Y . Then we have
α
n∑
i=1
Pi + (1− α)
n∑
j=1
Qj = IH .
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On account of (10), we have
f([αXp + (1− α)Y p]1/p) = f([
n∑
i=1
αλpiPi +
n∑
j=1
(1− α)µpiQj ]1/p)
≤
n∑
i=1
h(α)f(λi)Pi +
n∑
j=1
h(1− α)f(µj)Qj
= h(α)
n∑
i=1
f(λi)Pi + h(1− α)
n∑
j=1
f(µj)Qj
= h(α)f(X) + h(1− α)f(Y ).
(i) ⇒ (iv). By the Neumark theorem [10], there exists a Hilbert space H larger than
H and a family of mutually orthogonal projections Pi in H such that
∑k
i=1 Pi = IH and
αiAi = PPiP |H(i = 1, 2, ..., k), where P is the projection from H onto H . Then we have
f([
k∑
i=1
αix
p
iAi]
1/p) = f([
k∑
i=1
xpiPPiP |H]1/p)
= f([P (
k∑
i=1
xpiPi)P |H]1/p)
≤ 2h(1
2
)Pf([
k∑
i=1
xpiPi]
1/p)P |H
= 2h(
1
2
)P (
k∑
i=1
f(xi)Pi)P |H
= 2h(
1
2
)
k∑
i=1
f(xi)PPiP |H
= 2h(
1
2
)
k∑
i=1
αif(xi)Ai
≤
k∑
i=1
h(αi)f(xi)Ai

As a consequence of the above theorem we obtain the Choi-Davis-Jensen type inequality
for operator (p, h)-convex functions.
Corollary 3.7. Let Φ be a unital positive linear map on B(H), A a positive op-
erator in H and f an operator (p, h)-convex function on R+ such that f(0) = 0.
Let h be a non-negative and non-zero super-multiplicative function on J satisfying
2h(1/2) ≤ α−1h(α) (α ∈ (0, 1)). Then
f((Φ(Ap))1/p) ≤ 2h(1/2)Φ(f(A)).
Proof. Let A be an arbitrary positive operator in H . We put Ψ the restriction of Φ to the
C∗-algebra C∗(A, IH) generated by IH and A. Then Ψ is a unital completely positive map
on C∗(A, IH). By the Stinespring dilation theorem, there exists an isometry V : H 7→ H
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and a unital ∗-homomorphism pi : C∗(A, IH) 7→ B(H) such that Ψ(A) = V ∗pi(A)V .
Hence,
f((Φ(Ap))1/p) = f((Ψ(Ap))1/p) = f((V ∗pi(A)pV )1/p) ≤ 2h(1/2)V ∗f(pi(A))V
= 2h(1/2)V ∗pi(f(A))V = 2h(1/2)Ψ(f(A)) = 2h(1/2)Φ(f(A)).

Remark 3.8. Here we give an example for the function h which is different from the
identity function and satisfies conditions in Theorem 3.6 and Corollary 3.7. It is easy to
check that for the function h(x) = x3 − x2 + x and for any x, y ∈ [0, 1],
h(xy)− h(x)h(y) = xy(x+ y)(1− x)(1 − y) ≥ 0.
Therefore, h is super-multiplicative on [0, 1]. At the same time, the function h(x)/x =
x2 − x+ 1 attains minimum at x = 1/2, and hence 2h(1/2) ≤ h(x)/x for any x ∈ (0, 1).
Corollary 3.9. Let f be operator (1, h)-convex function on R+ such that f(0) = 0. Then
for any positive definite matrices A ≤ B,
A−1f(A) ≤ 2h(1/2)B−1f(B).
In the case when 2h(1/2) ≤ 1 the function t−1f(t) is operator monotone on (0,∞),
and hence the function f(t) is operator convex.
Proof. Since 0 < A ≤ B, we can find C such that A1/2 = CB1/2, and hence A = CBC∗.
Then
A−1f(A) = B−1/2C−1f(CBC∗)(C∗)−1B−1/2
≤ 2h(1/2)B−1/2C−1Cf(B)C∗(C∗)−1B−1/2
= 2h(1/2)B−1f(B).
In the case when 2h(1/2) ≤ 1, from the above inequality we get
A−1f(A) ≤ B−1f(B),
that means, the function t−1f(t) is operator monotone, and as a consequence of that the
function f(t) is operator convex by [12]. 
Remark 3.10. It is easy to check that the function h(x) = (x3 − x2 + x)/2 is super-
multiplicative and satisfies the conditions in Theorem 3.6 and Corollary 3.9.
3.3. An open question. As we know that the value f(p) = (a
p+bp
2
)1/p is called the
binormal mean, or the power mean, and is an increasing function of p on (−∞,∞). And
it is well-known that for two positive number a, b,
√
ab = e1/2(log a+log b) = lim
p 7→0
(
ap + bp
2
)1/p
.
In the other hand, Bhagwat and Subramanian [7] showed that for positive definite
matrices A,B,
lim
p 7→0
F (p) = e
1
2
(logA+logB)
and e
1
2
(logA+logB) is different to the geometric mean of A,B.
Now, suppose that h(α) = α and the function f is operator (p, h)-convex for any p > 0
and the function f is continuous on R+. So, we have
f(e
1
2
(logA+logB)) ≤ f(A) + f(B)
2
.
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Question: what is the class of functions satisfying the last inequality for any positive
definite matrices A,B?
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